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As we all know, a new branch of mathematics ”convex analysis” emerged in
the 1970s, it breaks the classic but very asymmetrical pattern in which mathe-
matical analysis is divided into ”linear analysis” and ”nonlinear analysis” , and
it makes the nonlinear analysis (that is ”convex” analysis), like linear analysis,
be dealt with beautifully and uniformly. It is already the mainstream of think-
ing about mathematics and applied mathematics that all theories and application
of nonlinear mathematical problems close to ”convexity”. We mainly study the
following three categories of important ”non-convex” problems by means of convex-
ification: (1) Optimization of nonconvex functions and the existence of perturbed
optimization. (2) Generalized derivative (subdifferential) of nonconvex functions
approximated by subdifferential of their local convexification. (3) The basic prop-
erties of metrically convex functions on metric spaces (which can be regarded as
subsets of Banach spaces) and the relationship between metrically convex functions
and their convexification. With other new methods, such as local convexification
and isometric embedding of metric spaces, we obtain the following unexpected
results:
A: An unrestricted linear perturbed optimization of an extended real-valued
function exists at some point if and only if the value of the convexification at the
point is equal to that of original function and the subdifferential of the convexi-
fication at the point exists (Chapter 2, Lemma 2.1.2), and some characterization
of functions that can be extended to convex functions (Chapter 2, Theorem 2.1.3,
Corollary 2.1.4);
B: We introduce a new subdifferential (Chapter 3, Definition 3.1.1, Definition
3.1.2) in virtue of local convexification. In fact, it inherits many properties of
classic subdifferential (Chapter 3, Theorem 3.1.5, Theorem 3.1.6, Theorem 3.1.10),
overcomes the inconvenience which comes into being because of too great Clarke
derivative (set) and reserves many good properties of original functions (Chapter














to approximate Clarke subdifferential efficiently (Chapter 3, Corollary 3.1.15);
C: ”Convex functions” and ”metrically convex functions” are incompatible
notions (Chapter 4, Antiexample 4.2.5, Antiexample 4.3.5), but ”1-dimensional”
metrically convex functions are essential convex functions. Thus it lays the foun-
dation for many basic and important notions (Chapter 5, Definition 5.1.3, Defini-
tion 5.1.4), such as directional derivative of metrically convex functions , and the
corresponding theories of differential (Chapter 5, Theorem 5.2.1, Theorem 5.2.3,
Theorem 5.2.4) in Chapter 5.
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设F是Banach空间X的开集D上的凸函数, x ∈ D. F在x的次微分∂F (x) =
{x∗ ∈ X∗ : F (y) − F (x) ≥ 〈x∗, y − x〉, ∀y ∈ D}. 次微分的几何意义是: 所
有满足图象在点(x, F (x))支撑F的上方图形的连续线性泛函的全体. 依分离定
理, 次微分非空且w∗闭. 因为D是开集, 所以∂F (x)以F在x的局部Lipschitz常数










































定义1.2 [14]: Fc是定义在coD上的函数, 定义如下:




定义1.3 : 当F是定义在X上的广义实值函数, 定义F的共轭函数F ∗为:
F ∗(x∗) = sup{〈x∗, x〉 − F (x) : x ∈ X}, x∗ ∈ X∗.
定义F的二次共轭函数为:














































F (z + ty)− F (z)
t
.
定义1.5 [17]: Banach空间X上的函数F在x局部Lipschitz, Clarke次微分定义
为:
∂cF (x) = {x∗ ∈ X∗ : 〈x∗, y〉 ≤ lim sup
z→x,t↓0


















· 4 · 第一章 序 言











x2 sin(1/x) x 6= 0








2x sin(1/x)− cos(1/x) x 6= 0
0 x = 0









重要的作用. 众所周知, 只有在线性空间中才能定义经典意义的凸性. 长期以来
数学家们致力于冲破这一局限, 从不同角度对经典凸性进行推广, 使得在度量空
间乃至更加广义的空间都能定义凸性, 从而引入各种各样的凸空间. 例如: 度量凸
度量空间、凸度量空间、Takahashi-凸度量空间等. 其中的度量凸度量空间是本
文的研究对象, 定义如下:
定义1.6 [51]: 度量空间(D, d) 是度量凸, 如果∀x, y ∈ D, 0 < λ < 1,∃z ∈














第一章 序 言 · 5 ·
另一方面, 数学家们针对”一般集合(不一定是线性空间)如何定义子集的凸
性” 这一问题, 打开思路, 巧妙地引入一系列合理而又有价值的广义凸集. 例如:
M-凸集[52]、φ凸集[53]等. 特别地, 1928年K.Menger 引入度量空间中d−凸集的
概念, 定义如下:
定义1.7[54]: (D, d) 是度量空间, A ⊂ D称为D的d−凸集, 如果任意x, y ∈
A, [x, y]d = {z ∈ D : d(x, z) + d(z, y) = d(x, y)} ⊂ A.
五十年后度量凸函数(也称d−凸函数)理论蕴育而生[55].
定义1.8 [55]: (D, d) 是度量空间, F称为D上的度量凸函数, 如果∀x, y ∈
D, z ∈ [x, y]d, 有

















多性质类似. 事实上二者的确存在联系. 当赋范空间范数严格凸时, 则D是空间上
的度量凸集当且仅当D是凸集. 从而F为D上的度量凸函数当且仅当F为D上的凸
函数. 当D是赋范空间凸集时, 显然D上的度量凸函数是凸函数. 特别值得一提的
是, 1993年[68]刻画了赋范空间X上度量凸函数的代数性质, 使得人们对度量凸函
数与凸函数的联系和区别有更加清晰的认识:
定理1.9 [68]: 函数F : X → R是度量凸函数当且仅当
(1)F是凸函数, 且













· 6 · 第一章 序 言
其中p̃ = span
⋃
E∈S P (E), S ≡ {E是单位球B的端子集: E 6= B, icrE 6= ∅},
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